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MODEL AND METHOD FOR COMPUTING PERFORMANCE BOUNDS IN 
MULTI-HOP WIRELESS NETWORKS 



TECHNICAL FIELD 
[0001] The present invention relates generally to computer networks and, more 
particularly, to computing performance bounds in multi-hop wireless networks. 

BACKGROUND OF THE INVENTION 
[0002] Multi-hop wireless networks have been the subject of much study over the 
past few decades. Much of the original work was motivated by military applications such 
as battlefield communications. More recently, however, some interesting commercial 
applications have emerged. One example is "community wireless networks", where a 
multi-hop wireless network, perhaps based on the IEEE 802.1 1 standard, is used to 
provide the "last-mile" to peoples' homes. A very different example is sensor networks 
where the scale and environment make a multi-hop wireless network the only feasible 
means of communication. 

[0003] A fundamental issue in multi-hop wireless networks is that performance 
degrades sharply as the number of hops traversed increases. As a simple example, in a 
network comprising nodes with identical and omni-directional radio ranges, going from a 
single hop to two hops halves the throughput of a flow because wireless interference 
dictates that only one of the two hops can be active at a time. 

[0004] The performance challenges of multi-hop networks have long been recognized 
and have led to much work on new and better solutions for the medium access control 
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(MAC), routing, and transport layers of the protocol stack. However, in recent years, 
there has also been a focus on the fundamental question of what the capacity of a multi- 
hop wireless network is. The seminal paper by Gupta and Kumar (see Gupta, P., and 
Kumar, P.R., "The capacity of wireless networks," IEEE Transactions on Information 
Theory 46, 2 (Mar. 2000)) showed that in a network comprising of n identical nodes, each 
of which is communicating with another node, the throughput capacity per node is 0(1/ 
Vtt log n) assuming random node placement and communication pattern and 0(1/ Vn) 
assuming optimal node placement and communication pattern. Subsequent work has 
considered alternative models and settings, such as the presence of relay nodes and 
mobile nodes, and locality in inter-node communication, and their results are less 
pessimistic. 

SUMMARY OF THE INVENTION 
[0005] In view of the foregoing, the present invention provides a model and method 
for computing the optimal throughput (i.e., the maximum aggregate throughput) of a 
wireless network. A construct called a conflict graph is introduced to model the effects 
of wireless interference. The conflict graph indicates which groups of links mutually 
interfere and hence cannot be active simultaneously. Using a multi-commodity flow 
problem (see Chavtal, V., Linear Programming, W.H. Freeman and Company, 1983), 
augmented with constraints derived from the conflict graph, the optimal throughput that 
the wireless network can support between given sources and sinks can be computed. 
However, this problem turns out to be NP-hard, so instead methods for computing upper 
and lower bounds on the optimal throughput are disclosed. 



MS: 302363.1 Page 3 Attorney Docket: 221661 

[0006] A distinction of the present invention from previous work is that the model 
and method work with any given wireless network configuration and workload specified 
as inputs. In other words, the node locations, ranges, etc. as well as the traffic matrix 
indicating which source nodes are communicating with which sink nodes are specified as 
the input. No assumptions are made about the homogeneity of nodes with regard to radio 
range or other characteristics, or regularity in communication pattern. In contrast, 
previous work has focused on asymptotic bounds under assumptions such as node 
homogeneity and random communication patterns. 

[0007] The generality of the model and method is an additional advantage possessed 
by the present invention. This generality allows for accommodation of a diversity of 
wireless network characteristics such as the availability of multiple (non-overlapping) 
channels, multiple radios per node, and directional antennae. Furthermore, the model and 
method of the present invention can accommodate multiple MAC protocol models as 
well as single-path and multi-path routing constraints. 

[0008] To compute bounds on the optimal throughput, an assumption is made that 
packet transmissions at the individual nodes can be finely controlled and carefully 
scheduled by an omniscient and omnipotent central entity. While this assumption may be 
unrealistic, it gives a best case bound against which to compare practical algorithms for 
routing, medium access control, and packet scheduling. More importantly from a 
practical viewpoint, simulations show that the routes derived from application of the 
model and method of the present invention often yield noticeably better throughput than 
the default shortest path routes, even in the presence of real-world effects such as 
uncoordinated packet transmissions and MAC contention. In some cases, the throughput 
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gain is over a factor of 2. The reason for this improvement is that in optimizing 
throughput, the model and method of the present invention tend to find routes that are 
less prone to wireless interference. For instance, a longer route along the periphery of the 
network may be picked instead of a shorter but more interference prone route through the 
middle of the network. 

[0009] Finally the model and method of the present invention can be employed to 
evaluate how the per-node throughput in a multi-hop wireless network varies as the 
number of nodes grows. Previous work suggests that the per-node throughput falls as the 
number of nodes grows. But this result is under the assumption that nodes always have 
data to send and are ready to transmit as fast as their wireless connection will allow. In a 
realistic setting, however, sources tend to send data at a steady rate - which may be lower 
than the link capacity - so nodes will on average transmit at a slower rate than the speed 
of their wireless link. In such a setting, the model and method of the present invention 
finds that the addition of new nodes can actually improve the per-node throughput 
because the richer connectivity (and hence increased opportunities for routing around 
interference "hotspots" in the network) more than offsets the increase in traffic load 
caused by the new node. 

BRIEF DESCRIPTION OF THE DRAWINGS 
[0010] While the appended claims set forth the features of the present invention with 
particularity, the invention, together with its objects and advantages, may be best 
understood from the following detailed description taken in conjunction with the 
accompanying drawings of which: 
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[0011] Figure 1 is a schematic diagram of an exemplary computer architecture on 

which the model and method of the invention may be implemented; 

[0012] Figure 2 is a schematic diagram of an exemplary wireless network 

architecture; 

[0013] Figure 3 is a connectivity graph of an exemplary wireless network 
architecture; 

[0014] Figure 4 is a conflict graph of an exemplary wireless network architecture; 
[0015] Figure 5 is a conflict graph of an exemplary wireless network architecture; 
[0016] Figure 6 is a conflict graph of an exemplary wireless network architecture; 
[0017] Figure 7 is a conflict graph of an exemplary wireless network architecture; 
[0018] Figure 8 is a connectivity graph of an exemplary wireless network 
architecture; 

[0019] Figure 9 is a graph plotting throughput bound against effort; 

[0020] Figure 10 is a map of an exemplary suburban neighborhood; 

[0021] Figure 1 1 is a connectivity graph of an exemplary suburban neighborhood; 

[0022] Figure 12 is a graph plotting connectivity ratio against number of nodes; 

[0023] Figure 13 is a graph plotting normalized per-flow throughput against number 

of nodes; and 

[0024] Figure 14 is a flowchart illustrating the methods of the upper and lower bound 
computation. 
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DETAILED DESCRIPTION OF THE INVENTION 
[0025] In the description that follows, the invention is described with reference to 
acts and symbolic representations of operations that are performed by one or more 
computers, unless indicated otherwise. As such, it will be understood that such acts and 
operations, which are at times referred to as being computer-executed, include the 
manipulation by the processing unit of the computer of electrical signals representing 
data in a structured form. This manipulation transforms the data or maintains them at 
locations in the memory system of the computer, which reconfigures or otherwise alters 
the operation of the computer in a manner well understood by those skilled in the art. 
The data structures where data are maintained are physical locations of the memory that 
have particular properties defined by the format of the data. However, while the 
invention is being described in the foregoing context, it is not meant to be limiting as 
those of skill in the art will appreciate that several of the acts and operations described 
hereinafter may also be implemented in hardware. 

[0026] Turning to the drawings, wherein like reference numerals refer to like 
elements, the invention is illustrated as being implemented in a suitable computing 
environment. The following description is based on illustrated embodiments of the 
invention and should not be taken as limiting the invention with regard to alternative 
embodiments that are not explicitly described herein. 

I. Exemplary Environment 
[0027] Referring to Figure 1, the present invention relates to communications 
between network nodes on connected computer networks. Each of the network nodes 
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resides in a computer that may have one of many different computer architectures. For 
descriptive purposes, Figure 1 shows a schematic diagram of an exemplary computer 
architecture usable for these devices. The architecture portrayed is only one example of a 
suitable environment and is not intended to suggest any limitation as to the scope of use 
or functionality of the invention. Neither should the computing devices be interpreted as 
having any dependency or requirement relating to any one or combination of components 
illustrated in Figure 1 . The invention is operational with numerous other general-purpose 
or special-purpose computing or communications environments or configurations. 
Examples of well known computing systems, environments, and configurations suitable 
for use with the invention include, but are not limited to, mobile telephones, pocket 
computers, personal computers, servers, multiprocessor systems, microprocessor-based 
systems, minicomputers, mainframe computers, and distributed computing environments 
that include any of the above systems or devices. 

[0028] In its most basic configuration, a computing device 100 typically includes at 
least one processing unit 102 and memory 104. The memory 104 may be volatile (such 
as RAM), non- volatile (such as ROM and flash memory), or some combination of the 
two. This most basic configuration is illustrated in Figure 1 by the dashed line 106. 
[0029] Computing device 100 can also contain storage media devices 108 and 110 
that may have additional features and functionality. For example, they may include 
additional storage (removable and non-removable) including, but not limited to, 
PCMCIA cards, magnetic and optical disks, and magnetic tape. Such additional storage 
is illustrated in Figure 1 by removable storage 108 and non-removable storage 1 10. 
Computer-storage media include volatile and non- volatile, removable and non-removable 
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media implemented in any method or technology for storage of information such as 
computer-readable instructions, data structures, program modules, or other data. Memory 
104, removable storage 108, and non-removable storage 1 10 are all examples of 
computer-storage media. Computer-storage media include, but are not limited to, RAM, 
ROM, EEPROM, flash memory, other memory technology, CD-ROM, digital versatile 
disks, other optical storage, magnetic cassettes, magnetic tape, magnetic disk storage, 
other magnetic storage devices, and any other media that can be used to store the desired 
information and that can be accessed by the computing device. 
[0030] Computing device 100 can also contain communication channels 1 12 that 
allow it to communicate with other devices. Communication channels 1 12 are examples 
of communications media. Communications media typically embody computer-readable 
instructions, data structures, program modules, or other data in a modulated data signal 
such as a carrier wave or other transport mechanism and include any information-delivery 
media. The term "modulated data signal" means a signal that has one or more of its 
characteristics set or changed in such a manner as to encode information in the signal. 
By way of example, and not limitation, communications media include wired media, such 
as wired networks and direct-wired connections, and wireless media such as acoustic, 
radio, infrared, and other wireless media. The term computer-readable media as used 
herein includes both storage media and communications media. The computing device 
100 may also have input components 1 14 such as a keyboard, mouse, pen, a voice-input 
component, and a touch-input device. Output components 1 16 include screen displays, 
speakers, printers, and rendering modules (often called "adapters") for driving them. The 
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computing device 100 has a power supply 118. All these components are well known in 
the art and need not be discussed at length here. 



II. Model and Method for Computing Bounds on Optimal Throughput 
[0031] The present invention is directed to a model for incorporating the constraints 
imposed by interference in a multi-hop wireless network and a method for computing 
bounds on the optimal throughput that a given network can support for a given traffic 
workload. 

[0032] Referring to Figure 2, consider a wireless network with N nodes 100, 200 
arbitrarily located in space. Let n h \<i<N denote the nodes, and dy 202 denote the 
distance between nodes «, 100 and w, 200. Each node, n x 100, is equipped with a radio 
204, 206 with communication range R, and a potentially larger interference range. For 
ease of exposition, an assumption is made that there is a single wireless channel. Two 
models can be considered, the Protocol Model and the Physical Model, to define the 
conditions for a successful wireless transmission. 

[0033] In the protocol model, if there is a single wireless channel, a transmission is 
successful if both of the following conditions are satisfied: 

1) 4/<*, 

2) Any node rik, such that < * , is not transmitting 

It should be noted that the second requirement implies that a node may not send and 
receive at the same time nor transmit to more than one other node at the same time. It 
should also be noted that this model differs from the popular IEEE 802.1 1 standard MAC 
in an important way - it requires only the receiver to be free of interference, instead of 
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requiring that both the sender and the receiver be free of interference (a discussion on 

# 

how to adapt the model for an 802.1 1 -style MAC is found in Section D below). 
[0034] Turning to the physical model, suppose node a?, 100 wants to transmit to node 
rij 200. Let SSy be the signal strength of «, 5 s transmission as received at The 
transmission is successful if SNRy > SNR t hresh, where SNRy denotes the ratio of SSy to Nj. 
The total noise, Nj, at nj consists of the ambient noise, N a , plus the interference due to 
other ongoing transmissions in the network. It should be noted that there is no 
requirement that the noise level at the sender also be low. 

[0035] A goal of the present invention is to provide a framework to model wireless 
interference and a methodology for computing bounds on the optimal throughput, where 
the "optimal throughput" corresponds to the absolute best case where the packet 
transmissions at the individual nodes can be finely controlled and carefully scheduled by 
an omniscient and omnipotent central entity. Thus, issues such as MAC contention that 
may be unavoidable in a distributed network are not of concern (such real-world issues 
are considered in the simulation results presented in Section III). In the problem 
formulation here, the focus is on maximizing the total throughput between source- 
destination pairs assuming that the sources always have data to send and the destination 
nodes are always ready to accept data. 

[0036] The communication between the sources and destinations can be either direct 
or be routed via intermediate nodes. It can be said that a network throughput D is 
feasible if there exists a schedule of transmissions such that no two interfering links are 
active simultaneously, and the total throughput for the given source-destination pairs is 
D. 
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[0037] The following three scenarios are now considered in detail: multi-path routing 
under the protocol interference model, multi-path routing under the physical interference 
model, and single-path routing under both models. Additionally, a discussion of several 
other generalizations of the framework follows. 

A. Multi-path Routing Under the Protocol Interference Model 
[0038] With reference to Figure 3, given a wireless network with N nodes 100, 200, 
304, 310 a connectivity graph C can first be derived as follows. The vertices of C 
correspond to the wireless nodes (N c ) 100, 200, 304, 310 and the edges 300, 302, 306, 
308, 3 12, 3 14 correspond to the wireless links (Lc) between the nodes. There is a 
directed link l l} 300 from node n t 100 to nj 200 if dy < R, and / ^ j. Here the terms "node" 
and "link" are used in reference to the connectivity graph while the terms "vertex" and 
"edge" are reserved for the conflict graph presented below. 
[0039] Consider first communication between a single source, n s , and a single 
destination, n d . In the absence of wireless interference (e.g., on a wired network), finding 
the maximum achievable flow between the source and the destination, given the 
flexibility of using multiple paths, can be formulated as a linear program corresponding 
to a max-flow problem: 
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Hereby denotes the amount of flow on link ly 9 Capij denotes the capacity of link and 
Lc is a set of all links in the connectivity graph. 

[0040] The maximization states that it is the objective to maximize the sum of flow 
out of the source. The first constraint represents flow-conservation, i.e., at every node, 
except the source and the destination, the amount of incoming flow is equal to the amount 
of outgoing flow. The second constraint states that the incoming flow to the source node 
is 0. The third constraint states that the outgoing flow from the destination node is 0. 
The fourth constraint indicates the amount of flow on a link cannot exceed the capacity of 
the link. The final constraint restricts the amount of flow on each link to be non-negative. 
The above formulation does not take into account wireless interference, which may 
impose additional constraints on when the individual wireless links may be active. This 
issue is considered next. 

[0041] Turning to Figure 4, to incorporate wireless interference into the problem 
formulation, a conflict graph, F, is defined whose vertices 300, 400 correspond to the 
links in the connectivity graph, C. There is an edge 402 between the vertices /,y 300 and 
l pq 400 in F if the links ly 300 and l pq 400 may not be active simultaneously. Based on the 
protocol interference model described above, such an edge 402 is drawn if any of the 
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following is true: d iq < or d PJ <R' P . This encompasses the case where a conflict arises 
because links /,y and l pq have a node in common (i.e., / = =p or i = = q or / = =p or / = = 
q). It should be noted however, that an edge from a vertex to itself is not drawn in the 
conflict graph. 

[0042] Next, a hardness result for computing the optimal throughput under the 
protocol interference model is presented. Given a graph //(with vertex set Vh), an 
independent set is a set of vertices, such that there is no edge between any two of the 
vertices. The independence number of graph H is the size of the largest independent set 
in H. The following hardness result exists. 

Theorem 1: Given a network and a set of source and destination nodes, it is 
NP-hard to find the optimal throughput under the protocol interference model. 
Moreover, it is NP-hard to approximate the optimal throughput. 
[0043] It can be shown that the problem of finding the independence number of a 
graph (a known hard problem even to approximate) can be reduced to the optimal 
throughput problem. Moreover, this reduction is approximation preserving. Hence the 
above hardness result. A brief discussion of the reduction follows. 
[0044] Suppose given a graph G, the computation of the cardinality of its maximum 
independent set is desired. A wireless network can be constructed such that the optimal 
throughput it can support under the protocol interference model is same as the cardinality 
of the maximum independent set of G. Two wireless nodes, a source s and a receiver r 
are created. For every vertex in G a wireless link of unit capacity between s and r is 
added. For every edge between two nodes in G, it is assumed that there is a conflict 
between the corresponding wireless links in the network (such a network may arise, for 
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instance, if nodes s and r are each equipped with multiple radios set either to the same 
(i.e., interfering) channel or to separate (i.e., non-interfering) channels). As one of 
ordinary skill in the art will appreciate, it is not hard to see that that the optimal 
throughput is achieved if and only if a maximum independent set in G is scheduled. 
Thus, finding the optimal capacity of the wireless network is equivalent to finding the 
cardinality of the maximum independent set of graph G, which is known to those of 
ordinary skill in the art to be a hard problem. 

[0045] Since it is NP-hard to approximate the optimal throughput, heuristics for 
obtaining lower and upper bounds on the throughput should be considered. An 
independent set of a graph //can be characterized using an independence vector, which is 
a vector of size \ V^. This vector is denoted by xj, where / is an independent set. The /* 
element of this vector is set to 1 if and only if the vertex v, is a member of the 
independent set /, otherwise it is zero, xj can be thought of as a point in an | V^- 
dimensional space. The polytope defined by convex combination of independence 
vectors is called the independent set polytope (also known as the stable set polytope). 
[0046] The problem of deriving a lower bound is equivalent to the problem of finding 
a network throughput D that has a feasible schedule to achieve it. The following 
observation can be made. Links belonging to a given independent set in conflict graph F 
can be scheduled simultaneously. Suppose there are a total of K maximal independent 
sets in graph F (a maximal independent set is one that cannot be grown further). Let //, 
/?, ... h denote these maximal independent sets, and X„ 0 < A,, < 1 denote the fraction of 
time allocated to the independent set /, (i.e., the time during which the links in /, can be 
active). If the schedule restrictions imposed by the independent sets are added to the 
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above linear program, the resulting throughput always has a feasible schedule, and 
therefore constitutes a lower bound on the maximum achievable throughput. 
[0047] The above observation can be formalized as follows. Given a conflict graph 
F, a usage vector, U, can be defined of size \ V F \, where U\ denotes the fraction of time 
that the link / can be active. A usage vector is schedulable if the corresponding links can 
be scheduled, conflict free, for the fraction of the time indicated in the usage vector. If 
the usage vector is though of as a point in an \ Vp\ -dimensional space, the following 
theorem exists: 

Theorem 2: A usage vector is schedulable if and only if it lies within the 

independent set polytope of the conflict graph. 
Theorem 2 implies that the optimal network throughput problem is a linear program, no 
matter how many sender-receiver pairs there are. In fact, the problem is one of 
maximizing a linear objective function over a feasible polytope. This feasible polytope 
can be described as the intersection of two polytopes - the flow polytope and the 
independent set polytope of the conflict graph. The flow polytope is the collection of 
feasible points described by the flow constraints, ignoring wireless conflicts. The flow 
polytope is a simple structure on which a linear objective function can easily be 
optimized. The independent set polytope, on the other hand, is a difficult structure and 
no characterization of it is known (because there may be exponentially many independent 
sets). 

[0048] Theorem 2 implies that any convex combination of independence vectors is 
schedulable. In general, however, an arbitrary point inside the independent set polytope 
will be a convex combination of an exponentially many independence vectors. To get 
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around this computational problem, it is desired to only pick "easy" points in the 
independent set polytope. An obvious notion of "easy 55 is that the point picked should be 
a convex combination of a small number of (i.e., polynomially many) independence 
vectors. This notion is used explicitly in the algorithm as follows. A lower bound on the 
optimal throughput is derived by finding K f independence vectors in the conflict graph F, 
and adding the following constraints to the linear program formulation shown above: 

• X /=i A,, < 1 (because only one maximal independent set can be active at a 
time) 

• fij - Z/ye/i hCapij (because the fraction of time for which a link may be active 
is constrained by the sum of the activity periods of the independent sets it is a 
member of) 

It should be noted that the solution produced by solving this linear program is always 
feasible (i.e., schedulable). This is due to the fact that all links belonging to independent 
set // can be simultaneously active for A,, fraction of time, and it has been required that the 
X K i=\ h < 1 • Moreover, theorem 2 assures that when all independent sets are included, 
the solution will be exact, i.e., this will be the maximum value of D that is feasible. To 
help tighten the lower bound more quickly, using maximal independence sets should be 
considered. While finding all maximal independent sets is also NP-complete (see Garey, 
M. R. and Johnson, D. S., Computers and Intractability: A guide to the theory ofNP 
completeness, W.H. Freeman and Company, 1979), the lower bound obtained by 
considering a subset of the (maximal) independent sets has the desirable property that as 
more constraints are added, the bound becomes tighter, eventually converging to the 
optimal (i.e., the maximum feasible bound) when all the constraints are added. 
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[0049] Next an upper bound on the network throughput can be derived. Consider the 
conflict graph. A clique in the conflict graph is a set of vertices that mutually conflict 
with each other. Theorem 2 implies that the total usage of the links in a clique is at most 
1. This gives a constraint on the usage vector. Many cliques can be found and 
corresponding constraints to define a polytope can be written. The throughput can then 
be maximized over the intersection of this polytope with flow polytope. This will give an 
upper bound on the throughput. 

[0050] Unfortunately, it is computationally expensive to find all the cliques, and even 
if it were possible to find them all, there is still no guarantee that the upper bound will be 
tight. This can be illustrated by the following example. Suppose the conflict graph is the 
pentagon depicted in Figure 5. As can be seen, the only cliques in the graph are formed 
by the adjacent pairs of nodes. Adding the clique constraints alone to the linear program 
would suggest that a sum of link utilization equal to 2.5 is achievable. But actually at 
most 2 links can be active at a time. This suggests that adding constraints corresponding 
to odd holes and odd anti-holes is necessary. An odd hole is a circle (i.e., loop) formed 
by an odd number of edges, without a chord in between (the pentagon in Figure 5 is an 
odd hole). The sum of the link utilization in an odd hole containing k vertices can be no 
more than Vklli An odd anti-hole is the complementary graph of an odd hole. Figure 6 
shows an example of an anti-hole with 5 nodes. The sum of link utilizations in an odd 
anti-hole can be no more than 2. 

[0051] Even if the constraints imposed by the odd holes and odd anti-holes are 
considered (in addition to those imposed by the cliques), there is still no guarantee to 
have a feasible solution. For example, consider the conflict graph, as shown in Figure 7. 
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A utilization of 0.4 can be assigned to all the vertices 300, 400, 500, 502, 504 on the 
pentagon and 0.2 to the center of the pentagon 700, while satisfying all clique, hole, and 
anti-hole constraints. But there is no feasible schedule to achieve this, because this 
solution does not lie in the stable-set polytope. In fact, the upper bound based only on 
clique constraints is tight only for a special class of conflict graphs called perfect graphs. 
Perfect graphs are the graphs without any odd holes or odd anti-holes. Thus, in the 
present formulation, the upper bounds may not always be tight. 



B. Multi-path Routing Under the Physical Interference Model 
[0052] As above, the process of computing the throughput in the physical 
interference model begins with creating a connectivity graph C, whose vertices 
correspond to the nodes in the network. Based on the physical interference model, there 
exists a link, /,y, from rc, to nj if and only if SSy I N a > SNR thresh (i.e., the SNR exceeds the 
threshold at least in the presence of just the ambient noise). 

[0053] Using the connectivity graph, a linear program formulation can be written to 
optimize network throughput for a wired network. As discussed above, the solution to 
the linear program, provides an upper bound on network throughput. However, this 
bound is not very useful since it does not take interference effects into account. 
[0054] To take interference effects into account, a conflict graph F is constructed. 
Unlike in the protocol model, conflicts in the physical model are not binary. Rather, the 
interference gradually increases as more neighboring nodes transmit, and becomes 
intolerable when the noise level reaches a threshold. This gradual increase in interference 
suggests that there should be a weighted conflict graph, where the weight of a directed 
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edge from vertices l pq to vertices Uj (denoted by wf} 9 ) indicates what fraction of the 

maximum permissible noise at node at, (for link to still be operational) is contributed by 
activity on link l pq (i.e., node n p s transmission to node n q ). Specifically stated: 

w « = S 1r 

where SS pJ and SSy denote the signal strength at node nj of transmissions from nodes p 
and z, respectively, and (SSy I SNR t hr es h) - N a is the maximum permissible interference 
noise at node nj that would still allow successful reception of node n?s transmissions. 
The edges of the conflict graph are directed, and in general w? q may not be equal to vJ j pq . 

[0055] In the protocol model, a lower bound on the network throughput is derived by 
finding independent sets in the conflict graph F 9 and adding the constraints associated 
with the independent sets to the linear program for the wired network. Analogous to 
independent sets, the notion of schedulable sets is introduced in the physical model. A 
schedulable set H x is defined as a set of vertices such that for every vertex Uj^H X9 X/ W6 /& 
< 1 . It follows that all links in a schedulable set can be active simultaneously. 

Suppose the links belonging to H x are scheduled for time X x , 0 < X x < 1 . Now the 
following constraints are added to the original linear program for the wired network: 

• Z**=i K 5 1 , where K' is the number if schedulable sets found 

• fij - HiijeHx ^xCapy 

[0056] To tighten the bound, using maximal schedulable sets in graph F should be 
considered (i.e., a schedulable set such that adding additional vertices to the set will 
violate the schedulable property). The following theorem, which is similar to the 
Theorem 2 in the protocol model, exists: 
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Theorem 3: A usage vector is schedulable if and only if it lies in the 

schedulable set polytope of the conflict graph. 
[0057] An upper bound is derived by considering maximal sets of vertices in F such 
that for any pair of vertices l pq and /,y, < 1 . These correspond to the cliques in the 

protocol interference model. Therefore for each such set, a constraint that the sum of 
their utilization has to be no more than 1 is added. 

[0058] These constraints may result in a loose bound since there may not be very 
many cliques. To tighten the upper bound, the linear program is further augmented with 
the following additional constraints. After a maximal schedulable set is found, say 
vertices v /? V2, . . v,, adding any additional vertex, denoted as v a , to the set will make the 
set unschedulable. Therefore the following constraint exists: Uj + C/j? + . . . U t + U a <t, 
where as before £/, denotes the fraction of time for which physical link /, (corresponding 
to vertex Vj in the conflict graph) is active. By adding as many such constraints as 
possible, the upper bound can be tightened. Still, the bound is not guaranteed to converge 
to the optimal even if all such sets are included. 



C. Single-path Routing 
[0059] So far multi-path routing has been considered. As many existing routing 
algorithms are confined to single-path routing, it is useful to derive a throughput bound 
for single-path yielding a comparison of how much the current protocols deviate from the 
theoretical achievable throughput under the same routing restriction. The single-path 
restriction for the flow from a source to a destination is enforced by adding the following 
additional constraints to the linear program problem for the wired network: 
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• For each link l^fy < Capy • z,y, where ZjjG {0, 1 } 

• At each node h„ £ z,y < 1 

[0060] Here Zy is a 0-1 variable that indicates whether or not link ly is used for 
transmissions, and is the amount of flow on the link. The basic intuition for these 
constraints is that in a single-path routing, at any node in the network, there is at most one 
out-going edge that has a non-zero flow. The first and the third condition ensure that at 
node n t at most one z,y will have a value of 1 . 

[0061] In theory, solving integer linear program is a NP-hard, but in practice, 
programs such as lp_solve (see Berkelaar, M., lp_solve: linear programming code, 
ftp://ftp.ics.ele.tue.nl/pub/lp_solve/) and CPLEX (see Hog cplex suite, 2003, 
http://www.ilog.com/products/cplex/) can solve mixed-integer problems. 



D. Other Generalizations 
[0062] The basic conflict graph model is quite flexible, and can be generalized in 
many ways. 

[0063] The formulations in the previous sections can be extended from a single 
source-destination pair to multiple source-destination pairs using a multi-commodity flow 
formulation augmented with constraints derived from the conflict graph. A connection 
identifier is assigned to each source-destination pair. Instead of the flow variables Jj j9 the 
variable is introduced to denote the amount of flow for connection k on link /,y. 
Referring to the linear program, the flow conservation constraints at each node apply on a 
per-connection basis (constraint <1>); the total incoming flow into a source node is zero 
only for the connection(s) originating at that node (constraint <2>); likewise, the total 
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outgoing flow from a sink node is zero only for the connection(s) terminating at that node 
(constraint <3>); and the capacity constraints apply to the sum of the flow levels of all 
connections traversing a link (constraint <4>). This generalization is applicable to all 
variants of the problem. 

[0064] It may be the case that instead of just one channel, each node can tune to one 
of M channels, M> 1 . This can be easily modeled by introducing M links between nodes 
i and j 9 instead of just 1. In general, links corresponding to different channels do not 
conflict with each other, reflecting the fact that the channels do not mutually interfere. 
However, the links emanating from the same node do conflict, reflecting the constraint 
that the single radio at each node can transmit only on one channel at a time. This 
generalization is applicable to all variants of the problem. 

[0065] Each wireless node may be equipped with more than one radio. If each node 
has M radios, this can be modeled by introducing M links between each pair of nodes. If 
it is assumed that each of these radios is tuned to a separate channel, and that a node can 
communicate on multiple radios simultaneously, then the conflict graph will show no 
conflict among the M links between a pair of nodes. This generalization is applicable to 
all variants of the problem. 

[0066] The use of directional antennas can be combined with the basic protocol 
model of communication. Instead of specifying a range for each node, a list of nodes (or 
points in space) is simply specified where transmissions or interference from this node 
can be perceived. The connectivity graph and the conflict graph are modified to take this 
into account. This generalization is applicable to all variants of the problem. 
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[0067] In the simple example, an optimistic model of interference that did not require 
the sender to be free of interference was considered. But a more realistic model, which 
more closely reflects the situation in the IEEE 802.1 1 standard, would require both the 
sender and the receiver to be free of interference. This reflects the fact that the IEEE 
802.1 1 standard may perform virtual carrier sensing using an RTS-CTS exchange, and 
that for successful communication, the sender must be able to hear the link layer 
acknowledgment transmitted by the receiver. Therefore, an edge in the conflict graph is 
drawn between vertices ly and l pq if d a t <R' a for ab - iq, qi, ip,pi,jp,pj,jq, or qj. This 
generalization is applicable to all variants of the problem. 

[0068] The conflict graph model of the present invention focuses on maximizing the 
total throughput between source-destination pairs assuming that the sources always have 
data to send and the destination nodes are always ready to accept data. This framework 
carries over easily to other objective functions such as where one tries to maximize 
revenue, or maximize the minimum throughput across all source-destination pairs and 
thereby achieve a degree of fairness. Moreover, this framework can also accommodate 
the case where the rate at which nodes generate data or are willing to accept data is 
bounded, simply by creating a virtual source or sink node and connecting it to the real 
source or sink via a virtual link of speed equal to the source or sink rate. The virtual link 
is special in that it is assumed not to interfere with any other link in the network. The 
virtual link is merely a convenient construct to help model the bound on the source or 
sink rate. 
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[0069] In addition to the fact that each of the above generalizations is applicable to all 
variants of the problem, the above generalizations can also be applied in combination 
with each other to all variants of the problem as well. 

III. Applications of Model and Method for Computing Bounds on Optimal Throughput 
[0070] The capabilities of the model of the present invention can be demonstrated by 
several illustrative results. 

A. Illustrative Results 

[0071] Turning to the network topology shown in Figure 8. The network consists of 
9 nodes 800, 802, 804, 806, 808, 810, 812, 814, 816, placed in a 3x3 grid. This topology 
is not claimed as being representative of typical wireless networks. A small, simple 
topology, has been deliberately chosen to facilitate detailed discussion of the results. 
[0072] Several simplifying assumptions are first stated. These assumptions are 
relaxed as this section proceeds. The range of each node is assumed to be one unit, i.e., 
just enough to reach its lateral neighbors, but not the diagonal ones. Also it is assumed 
that the interference range is equal to the communication range. An 802.1 1 -like protocol 
model of interference is assumed as described in Section II. This model requires both the 
sender and the receiver to be free of interference for successful communication. This is 
termed a bidirectional MAC. The resulting conflict graph for this scenario is shown 
below in the matrix form in Table 1 . A 0 indicates that the links are not in conflict with 
each other, while 1 indicates otherwise. For example, when node 800 is transmitting to 
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node 806, node 802 can hear these transmissions, and hence cannot transmit to node 804. 
Thus, links 1 (800 -» 806) and 3 (802 -> 804) are in conflict. 
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Table 1: Conflict Graph in Matrix Form 
[0073] Multi-path routing is allowed. It is assumed that all wireless links have an 

identical capacity (i.e., speed) of 1 unit and that all nodes have infinite buffers. Node 800 

is designated to be the sender, and node 816 to be the receiver. The sender always has 

data to send, and the receiver is always willing to consume the data. 

[0074] In this scenario, it is easy to see that the optimal throughput is 0.5. A 

convenient way to visualize the optimal transmission schedule is to imagine that time is 

divided into slots of equal size, and in each slot one packet can be transmitted between 
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neighboring nodes, subject to constraints imposed by the conflict graph. Then, the 
following transmission schedule will achieve optimal throughput: (i) 800 -> 802 (ii) 802 

804 (iii) 800 -> 806 and 804 810 (iv) 806^ 812 and S10 -> 816 (v) 800 -» 802 
am/ 812 -> 814 (vi) . . . This schedule can continue in this manner indefinitely. It is easy 
to see that in alternate timeslots, node 800 gets to transmit to either node 802 or 806. 
Hence the optimal throughput is 0.5. 

[0075] Figure 9 shows the upper and lower bound on throughput calculated by the 
model, as an increasing amount of effort is devoted (for a discussion of effort see section 
E below). As shown, the upper bound quickly converges to the stable value of 0.667, 
which is somewhat higher than the optimal value. This is a clear indication of the fact 
that clique constraints alone are not sufficient to guarantee optimality, even in such small 
graphs (as noted in Section II). The lower bound, on the other hand, steadily converges 
to the optimal value of 0.5. It has been verified that the program has discovered all 
independent sets and cliques with 100 units of efforts. 

[0076] The model of the present invention can also incorporate single path routing, 
multiple source-destination pairs, multiple channels as well as multiple radios. This 
flexibility is demonstrated with a community mesh networking scenario, in which 
multiple users share an Internet connection, using a multi-hop wireless network. 
Consider the suburban neighborhood of Figure 10 having 252 houses in an area of 1 
square kilometer. 35 of these houses are selected at random, and it is assumed that these 
houses are equipped with hardware that enables them to participate in a wireless mesh 
network. It is assumed that the communication range of the wireless technology is 200 
meters, while the interference range is 400 meters. Figure 1 1 illustrates the resulting 
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network (i.e., the connectivity graph). A node can be selected that is roughly at the center 
of the area and designated to be the Internet access point. It is assumed that there are four 
senders. All the senders communicate with the Internet access point, and the metric of 
interest is the cumulative throughput of these senders. It is assumed that all wireless links 
are of unit capacity. 

[0077] Beginning with a baseline case, for which a bidirectional MAC and single 
path routing are assumed, the linear program is set to optimize the sum of the throughputs 
of the four flows, with no consideration for fairness. In this case, with about 5000 units 
of effort, upper and lower bounds converge, and the model indicates that the maximum 
possible cumulative throughput is 0.5. 

[0078] Turning to the question of how to improve the cumulative throughput, four 
possibilities are considered: (I) employ multi-path routing; (II) double the range of each 
radio (and also double the interference range); (III) leave the radio range unchanged, but 
use two non-overlapping channels instead of one (a node may communicate on only one 
of the two channels at any given time, but may switch between channels as often as 
necessary); and (IV) use two radios instead of one at each node (the radios are assumed to 
be tuned to two fixed, non-overlapping channels, so a node may communicate on the two 
channels simultaneously). The throughput bounds in each of the four scenarios are 
shown in Table 2. In each case, the upper and the lower bounds converge to the same 
value, which indicates that the solution is optimal. 



Scenario 


Optimal Throughput 


I 


0.5 


II 


0.5 


III 


1 


IV 


1 



Table 2: Throughputs for Neighborhood Mesh in Various Scenarios 
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[0079] The results indicate that neither multi-path routing nor doubling the range of 
the radio increases cumulative throughput in the scenario considered. On the other hand, 
by using two channels instead of one, the network may achieve the maximum possible 
throughput of 1 . The maximum possible throughput is 1 because the Internet access 
point has only one radio. On the other hand, even if two radios are used, the throughput 
remains at one. It is not hard to see why. The situation is equivalent to having two 
separate copies of the baseline network, and then adding up their throughputs. These 
scenarios illustrate that the model developed could be a useful tool for analysis and 
capacity planning in wireless multi-hop networks. 

B. Tradeoff Between Connectivity and Throughput 
[0080] In Section II, it was discussed how the model of the present invention can 
accommodate nodes which do not send data in a greedy fashion, i.e. they have a lower 
send rate. Gupta and Kumar and others have shown that the per node capacity in the 
network decreases as the number of nodes in the network goes up. These results, 
however, were derived under the assumption that each node sends data as fast as it can. 
In other words, the desired sending rate of the node is assumed to be 1 . However, if each 
node has a lower desired sending rate, the richer connectivity provided by additional 
nodes might help increase per node throughput, by allowing better routes to be 
discovered. This hypothesis can be explored using the model of the present invention. 
[0081] Consider a 7x7 grid, whose nodes are 200 meters apart horizontally, and 
vertically. It is assumed that the communication range is 250 meters, and the interference 
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range is 500 meters. The link capacity is set to 1 . A bidirectional MAC is assumed, 
similar to the one used to plot Chart 1 . Single-path routing is used. 
[0082] N nodes are picked from the 49 available nodes, at random, and without 
replacement. Half of these nodes are designated as senders, and the other half are 
designated as receivers. The senders and the receivers form Nil flows in the network. 
Each sender is paired with only one receiver. First the fraction of flows is calculated for 
which the source and the destination lie in the same connected component of the 
topology. This fraction is called the connectivity ratio. The connectivity ratio for 
various values of N is shown in Figure 12. The results show that after 24 nodes (i.e. 12 
flows) are selected, the connectivity ratio becomes 1 . 

[0083] A sending rate of D is then assigned to each sender. Then, using the model, 
the optimal throughput using single-path routing is calculated. The cumulative 
throughput is divided by the number of flows (i.e. N/2) to obtain average per-flow 
throughput, and normalize it further by dividing it by D. The resulting normalized per- 
flow throughput for various values of N and D is plotted in Figure 13. 
[0084] It should be noted that when the sending rate is 0.01 , the normalized per-flow 
throughput continues to rise even after the connectivity has reached 1 . This means that 
the richer connectivity provided by additional nodes allows for newer routes, and allows 
extra traffic to be sent through the network. However, if each node sends at rate 1 , the 
node might have little capacity left to forward traffic from other nodes. Thus, the average 
per-flow throughput peaks early (i.e., the network is saturated), and then declines slowly, 
as new nodes join the network, but fail to transmit most of their desired traffic. For 
sending rate of 0.1, the results are between these two cases. 
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[0085] It is stressed that these results have been derived by assuming optimal routing, 
as well as optimal scheduling of packets. In the next section, there is further discussion 
of the impact of these two assumptions. Also it should be noted that a simple grid 
topology has been used in this example, and more experiments with complex topologies 
are needed to verify the generality of this result. 

C. Benefits of Optimal Routing in Absence of Optimal Scheduling 
[0086] As shown in the previous sections, the optimal throughput is achieved by 
selecting optimal routes and scheduling the links on the routes appropriately. A natural 
question to ask is how much performance improvement is due to the optimal route 
selection, and how much is due to the optimal scheduling. Motivated by this question, 
the four scenarios shown in Table 3 can be empirically examined. They correspond to (i) 
optimal routing with optimal scheduling; (ii) shortest-path routing with optimal 
scheduling; (iii) optimal routing under IEEE 802.1 1 standard MAC; and (iv) shortest-path 
routing under IEEE 802.1 1 standard MAC. The approach used to derive throughput for 
each case is first briefly described and then the results are presented. 







Scheduling 






Optimal 


IEEE 802.11 standard 




Optimal 


Optimal throughput (solve 


Alternative routing scheme (ns 




linear program) 


simulation) 


Routin 


Shortest- path 


State of art under optimal 
scheduling (solve linear 
program) 


State of art (ns simulation) 



Table 3: Four Scenarios 
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[0087] Given a network topology, the algorithm described in Section II is applied to 
compute the optimal throughput under single-path routing. This corresponds to scenario 

(0- 

[0088] To derive the performance of optimal routing under the IEEE 802.1 1 standard, 
ns-2 simulations (see Ns (network simulator), 1995, http://www.mash.cs.berkeley.edu/ns) 
are run. To ensure that the packets follow the optimal routes, the optimal routes obtained 
in Scenario (i) are specified as the static routes in ns-2. The throughput numbers from 
these simulations correspond to scenario (Hi). 

[0089] The simulation is then repeated using AODV (see Perkins, C.E., and Royer, 
E.M., "Ad-hoc on-demand distance vector routing," Proc. of IEEE WMCSA '99, Feb. 
1999), a standard shortest path routing protocol. The resulting throughput corresponds to 
the performance of the scenario (iv). To minimize the impact of AODV routing 
overhead, all nodes are static and simulations are run for 50 seconds, long enough to 
make the initial route setup overhead negligible. 

[0090] Based on the AODV simulation results, a set of links is obtained that are used 
in the shortest paths between sources and destinations. The linear program formulation 
(from Section II) used to compute bounds on the optimal throughput is then modified by 
excluding all but those links that lie on one or more of the shortest paths (by setting the 
capacity of such links to zero). The resulting linear program is solved, and the 
throughput for scenario (ii) is obtained. 

[0091] The aim is to compare throughput in scenario (i) to throughput in scenario (ii). 
Similarly, scenarios (iii) and (iv) are compared against each other. It should be noted that 
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the throughput obtained by solving the linear program model and the throughput obtained 
from ns-2 simulations are not compared. 

[0092] These four scenarios are considered in a 7x7 grid (49 nodes). The horizontal 
and vertical separation between adjacent nodes is 200 meters. The communication range 
is assumed to be 250 meters, and the interference range to be 500 meters. All other 
parameters are at their default settings in ns-2. For each simulation run, a few pairs of 
nodes are randomly picked as sources and destinations; the source sends packets to the 
corresponding destination at a constant bit rate equal to the wireless link capacity. 
[0093] Table 4 shows the throughput ratios between optimal routing and shortest path 
routing, under optimal scheduling. These numbers are derived from the linear program 
formulation. In all cases, optimal routing yields comparable or better throughput than the 
shortest path routing when optimal scheduling is used. The benefit of optimal routing 
varies with the number of flows, as well as with the locations of communicating nodes. 
For instance, when the two flows are far apart and do not interfere with each other, the 
optimal path achieves the same throughput as the shortest path (e.g., numFlow=2 and 
run=l, 5); when the two flows interfere with each other, the optimal path takes a detour, 
which results in reduced interference and hence higher throughput (e.g., the case of 
numFlow=2 and run= 2, 3, 4). 



numFlow 


run 1 


run 2 


run 3 


run4 


run 5 


2 


1.00 


1.25 


1.6 


1.3812 


1.00 


4 


1.4092 


1.0001 


1.4369 


1.4333 


1.1429 


8 


2.1023 


1.0000 


1.0451 


1.1131 


1.1194 



Table 4: Throughput Ratios Between Optimal Routing and Shortest-path Routing, Both Under 

Optimal Scheduling in a 7x7 Grid 
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numFlow 


run 1 


run 2 


run 3 


run4 


run 5 


2 


1.0768 


2.4323 


1.5278 


1.7974 


1.1863 


4 


1.0662 


1.5374 


0.7854 


1.0181 


1.5475 


8 


3.5474 


1.2239 


0.5011 


1.1389 


0.3905 



Table 5: Throughput Ratios Between "Optimal" Path Routing and Shortest-path Routing, Both 
Under IEEE 802.11 standard MAC in a 7x7 Grid 

[0094] Table 5 shows the throughput ratios between "optimal" routing and shortest 
path routing, under the 802.1 1 standard MAC. These numbers are based on ns-2 
simulations. Optimal path outperforms the shortest path even under the 802.1 1 standard 
MAC when number of flows in the network is small. On the other hand, the optimal path 
routing does not always outperform the shortest path routing under 802.1 1 standard 
MAC; this is increasingly common when the number of flows is higher. This occurs 
because as network load increases, it is harder to find paths that do not interfere with 
other flows in the absence of optimal scheduling. 

[0095] The above results are encouraging, and suggest that there is a potential to 
improve throughput by making route selection interference-aware. 



D. Convergence of Upper and Lower Bounds 
[0096] In most of the previous results in this section, the upper and the lower bounds 
converged, assuring the optimality of the solution. When they did not converge, e.g., 
Figure 9, optimality of the lower bound was assured by manual verification. In general, 
however, the bounds may not converge, as there is no guarantee that even after adding all . 
the clique constraints the upper bound will be schedulable. This leads to the question: 
how is a decision reached as to when to stop looking for even tighter bounds? Given that 
the conflict graph may have an arbitrarily complex structure, it is not practical to wait 
until the upper and lower bounds are within a small percentage of each other for this may 
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never happen. Even after all the cliques are found, the upper bound may stay well above 
the optimal feasible solution. Thus, there is no easy way to decide when to stop the 
calculations. The data presented in the next does indicate, however, that convergence is 
quite good in many scenarios. 



E. Computational Costs 
[0097] An effort metric can be defined that provides a rough indication of the 
computational costs of finding the bounds. In Section II, the procedure for finding upper 
and lower bounds on throughput was described. Considering the protocol model of 
interference and focusing on the lower bound, it was shown that as more distinct 
independent sets are included, the lower bound becomes progressively tighter. In other 
words, the more effort spent looking for independent sets in the conflict graph, the better 
the bound will be. Since optimal solutions cannot always hoped to found, any upper or 
lower bounds discovered by the model need to be presented along with the amount of 
effort required to find those bounds. Thus a metric to measure this effort is required. 
The following simple algorithm is used to find distinct independent sets: 

1 . ) Start with an empty independent set IS. 

2. ) Consider a random ordering of vertices in the conflict graph. 

3. ) Consider the vertices of the graph in that order. Always add the first vertex to 

IS. 

4. ) Add a new vertex if and only if it does not have an edge to any of the vertices 

added to IS so far (i.e., if it does not conflict with any of the existing vertices). 
Once all the vertices are considered, IS will be of size at least one. 
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5.) Check to see if this independent set has been previously discovered, and if 
not, add constraints based on this independent set to the linear program. 
Otherwise discard the set. 
[0098] This entire sequence can be considered to be one unit of effort. It should be 
noted that one unit of effort does not always result in addition of a constraint or variable 
to the linear program. Moreover, there is a complex relationship between the number of 
variables and constraints in a linear program, and the amount of time required to solve it. 
Thus, the metric is only a rough guide for amount of actual time (or CPU cycles) spent 
while finding the bound. The effort metric is defined in a similar manner by considering 
cliques in case of searching for the upper bound, and by considering schedulable sets in 
case of the physical model. 

[0099] As was mentioned above, the effort metric provides only a rough indication of 
the computational costs of finding the bounds. More data is now provided in this regard. 
It should be noted that much of the data provided is for the MATLAB solver (see Matlab 
version 6.1, http://www.matlab.com/); as noted below, the CPLEX solver (see Hog cplex 
suite, 2003, http://www.ilog.com/products/cplex/) offered a speedup of about 7X, albeit 
on a somewhat faster CPU, hence there is the potential for significant improvements over 
the computational costs below. 

[00100] Table 6 below considers the relationship between the size of the network and 
the amount of time required to compute upper and lower bounds. The table shows the 
bounds computed after 150,000 units of efforts for several grid sizes, and the time 
required to compute them. In each case, there is a single flow in the network, with its 
source and destination nodes at diagonally opposite corners of the grid. The rest of the 
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parameters are similar to those used to plot Figure 9. It should be noted that the upper 
and lower bounds are not equal in all cases, which indicates that the optimal solution 
might not have been found in all cases. The computations were done using MATLAB 
6.1, on a machine with 1.7Ghz Pentium processor, and 1.7GB of RAM. 



Grid Size 


Upper Bound 


Lower Bound 


Time (minutes) 


3x3 


0.25 


0.25 


2 


5x5 


0.5 


0.5 


2 


7x7 


0.495 


0.5 


25 


9x9 


0.474 


0.5 


35 


11x11 


0.479 


0.5 


40 



Table 6: Upper and Lower Bounds After 150,000 Units of Effort 



[00101] Table 7 below considers the relationship between the amount of effort, and the 
closeness of upper and lower bounds, as well as the time required to compute those 
bounds. The results are based on the 7x7 grid, with rest of the parameters similar to those 
used for Table 6. As discussed above, with more effort, more variables are likely to be 
added as well as more restrictive constraints in the linear program. Thus, the bounds 
become tighter. 



Effort 


Upper Bound 


Lower Bound 


Time (minutes) 


10000 


0.443 


0.5 


2 


50000 


0.48 


0.5 


5 


100000 


0.49 


0.5 


13 


150000 


0.495 


0.5 


25 


200000 


0.5 


0.5 


41 



Table 7: Upper and Lower Bounds After Varying Effort for a 7x7 Grid 



[00102] Table 8 below considers the relationship between the number of flows in the 
network, and the amount of time required to compute bounds for a given amount of 
effort. The results are based on a 7x7 grid, with multiple flows. For each flow, the 
source is in the bottom row of the grid, and it communicates with a destination located in 
the same column, but in the top row. All other parameters are same as Table 6. 
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Number of flows 


Upper Bound 


Lower Bound 


HP* / ' , \ 

Time (minutes) 


2 


0.578 


0.583 


34 


3 


0.707 


0.75 


1 1 

31 


4 


0.758 


0.833 


29 


5 


0.799 


0.875 


31 


6 


0.849 


0.925 


34 


7 


0.861 


1.00 


36 



Table 8: 7x7 Grid, Multiple Flows, 150,000 Units of Effort 



[00103] The software used to solve the linear program is also a significant factor in the 
amount of time required to find the optimal solution. Table 9 below shows the amount of 
time taken by CPLEX to solve the 7x7 grid case, with 6 and 7 flows on a 2.7GHz 
Pentium machine, with 3.7GB of RAM. While these entries cannot be compared directly 
with the corresponding entries in Table 8, as the machines used to run MATLAB and 
CPLEX are different, the speedup is still quite significant: a reduction by a factor of 7, 
from 34-36 minutes down to 5 minutes. Moreover, MATLAB cannot solve the Mixed 
Integer Programs that result when single-path routing is used. These can only be solved 
using CPLEX. 



Number of flows 


Upper Bound 


Lower Bound 


Time (minutes) 


6 


0.849 


0.925 


5 


7 


0.861 


1.00 


5 



Table 9: 7x7 Grid, Multiple Flows, 150,000 Units of Effort, with CPLEX 



[00104] Since these numbers are based on a single run, and are based only on grid 
graphs, which have a regular connectivity pattern, general conclusions cannot be drawn 
from them. However, some trends are useful to note. It is observed that for grid 
networks, the amount of time required to solve the problem increases with the number of 
nodes. Also, it is seen that for a given effort level, the time required to compute the 
bounds does not depend significantly on the number of flows in the network. However, 
the difference between the upper and lower bounds for a given amount of effort tends to 
increase with increase in number of flows. 
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[00105] In case of irregular graphs, the amount of time required to solve has been 
observed to depend significantly on connectivity and interference patterns. 



[00106] In view of the many possible embodiments to which the principles of this 
invention may be applied, it should be recognized that the embodiments described herein 
with respect to the drawing figures are meant to be illustrative only and should not be 
taken as limiting the scope of invention. For example, for performance reasons the model 
and method of the present invention may be implemented in hardware, rather than in 
software. Therefore, the invention as described herein contemplates all such 
embodiments as may come within the scope of the following claims and equivalents 
thereof. 



